5274\ QUANTUM I'NF'OEMA“TlON THEORY : | ANURAN MAKUR | (D)
Fesentation Notes: “Lower Bounds on the Probabi’i-l,y Ff Eycor for Classical and
Classi cal- Quantum Channels,” bg Marco Dalai

@ gauglt W%;abog:
- Basic cluan-éum mechanics
Intro. {

'Classim/—guanﬁlm channel
- Classical chanrel and basic dehinitions

- Lovdse s apfraad\ in a gaan{'um ’)'gH:: umbre{/a bourd
- The Quartum Sp"ere—pacéin; bound
= Rela'bilonslu'ps l’e'élﬂeeh 'E“Y\dame"tgl 9“4"66’65

@ Basic Quantum Medhanics:
- The state of a Qu.an-éum sas{‘em @an be encoded in a -ﬁni—ée-diw:ensiona/ Hl/Leml;' space €§: (fd
- Pirac bra-ket notabion: The state s written as a column vector :  |=> t—ke(b \
H = H m fbdué‘b bm—ke'b
& [ z,l U> x <« inmmer P .
'x> <7(', & a l<,‘><%‘ - ” 3" - a“kr Pm“du‘:t (rank i VV\ab‘IX)
F"ﬂs"m“kb F (xl9> =0, +then |> and )y> are disbinguis ble states. Eﬂi‘f’i" of electrons (15,5

*'i‘,EG{EOS"‘HOﬂ principle:  Tf 4 guan{—um sysbem can be in 2 a/f‘sb'nguishab/e states [x2, 4>,
then it an also be in ang linear combination of the states: alx>+ B4,

We reshict  Cxlx> = (yly> =1 and > +18)°=1.
7; observe a %mmfum Sgséewh we wms-[: Wl.ake a wne,asurevnenf.
&g Let I’%U>'=0Ll7¢>+ld6/3>. Measure: Lyl a>= o ¢e[xy = AF _—_->[<’1{/17c>]2: (o]*
L P"}“*"'m”:ﬁm stem inner | —3 probability of being T
o - , W>% J preduct e shale [ 9
';urmg immediatel C-I'\ahqe,s ks state B > o o A z
This is a mani festation oFg’ﬁw, OL‘;‘QYVZV‘ Fct -—‘L_LD_LLZ andl [4> W J ) g
- Ténsor spaces: If we have 2 guantum systems (each with skerte space H), then the
E_fﬁ_i’ S'éaée Space Is 5‘(®j{. &: n guanhm sgs%ms( r;-) d:zﬂ séu‘ée' Sf’ace'
—> Entarglement : Suppose we have 2 guanturm sys&em: in stobes WD = oulx> + Bly>
Y . ;
and [H>= 01O +3, 19>, Their joint state is:
o Wy = > @ > = 0tz fxx> + dubalxy> + Bdalye> + BB 149>
Sup@rposrﬁan /Jrinciple = f‘}’} an be ‘"‘y sare (VD= a‘7‘7‘>+bl%3>+clﬁx>+d’%fﬂ>, where
. , [ + B2 H1>+M|Z=1
S, aJomb sgslrem can be in a state st. the individual systems do not _have a
welldefned Sf:méE! e Er’ns-lrcfn'Paolo)Skg -Rosen (EPR) photons showed Ly BeT/j ﬁreenbwger‘f}{om(-”g)
Ls T 4/0}15 with hl?l\ (evanenh'a/) dim of jofn‘b'Sbake Space is the —’—L—%
s'brenyfi‘ of zwnl‘um com/;u‘émlfan.
No good low vatSlPound on E(R) becaus

e Meaqu(:’Wlenés are 3’\ng[€4!.

* - Li nearf‘bl;; Pr'mcif{ez Tsolated zuan%um sg.séem undergoes linear evolution. i
> Schrsdinger picbues | Y0 = Uk 0D s Compare o Clssial Probabildyz "
et 2 un‘.h“gﬁ stabe ab imeto P =W"E "
Benefit twe t>tp  Operotor "‘."q‘f g ‘ﬁ Jial dist.
oFfwri-[ .. Classical preserves L-norm, guarmbum preserves Ly orm. disbribuboin m‘m imhia
view So, a W”‘&!M perspechive allows us do work on the smooth unit sphere inskead F the simp)ex.
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-Densi{:\é Opero{'vﬁi These are nxn  Hermiban posrtive sewi-definibe matrices with wnrt ‘l‘mle@

in an n-dim guantum state space.
& Ast. A":P, A¥O, w(R)=).
—> Rure-stabe: If (YD k the sinte of a ntuy syste , then p= 's a rank-
Mﬁ sty opemébnw ystem Ve [V XV is a rank-1
—> Mixed- stabe: Suppose we have states >,..,[Y> wp. Pise-s, P respecb"/elg. A wired-stale
is P Zﬂ_-.vP‘. XV, < useful in info. —H»eorg as we have prob. dist. over ngna)s (source sywih)

# I/\/_hg use o/ensié‘g’{ 0/’6'0{0"5?_ Let /1}}? =Zn;\ff;"-l1”> be the mixed state.

%S i bas’ ' . don’t care

- Suppos i .'3' Is an _L-vnormal s1s.  (hiven >, we know the actual state we ' :

o(f Pknaew abaut #he distinguishable states |U:>. ! e vt bt Enovs [P, bubionlg ket fion [,
use 1a)

2 'n 'wr Je-ﬂfadv\'.
—ﬁe fhePform P=ZP-‘ [P XKYil, we can take an EVD o p fincl 1 Z(“Pb ,_e’_L_______._\

& Jaesh’f‘
-, Dens}éy ) erql:ors'-éap-éunz _aJ_’_ in‘pﬂrmab‘on about S'éﬂk iy 2"
—>Observe - IZ'!”’LP‘>IZ= br (P' ,»\p',xq)'.D br J__ywmal iqg} guant. mech.
| t "‘;Pf"—sem‘rs grobab'ali_%ga & P be,ing in state W.X’\V.\ 5
(We have augmenéeol vedor states 4o mabnix stotes L “use the watnxXinner ’pmo(uc >

@ Classical - Quarntum Channel:

- Positive operator valued measurement (POVM) « gone,m)iau-b’on oF von Neumann weasurement:

- 1Y]-dim Hilbert space %:} state vectors '/i{—d/m p. 4 dgns;—l—y qoera-éors are. [Y1x[4] matrices
wm

classical I ,’_S"S,'[c;;} {l mza“"‘:‘; B m’&m }dassfcalﬂf,uawh.lm channel

el T e | et M [Emres o]
= YIR tVV\ e )
g’: ,c;aée - code book: ev\ccsoalg,t Tme\f'lT.,---,TTM} Pelw\ 2 ]= h(ﬂmsx:) ’ Vm

da
w IAC:_JMYO( 2 cond. ProL. oF error
z / 7"" =(xl7-"7Xn)€ E"’
3 7 —

’:4 "A'a‘ looks 'cpkie.g?m(
' is
- Forexch x€ ¥, frere ; : . KSWJxéxh
;k-\: ere is an associated denSrl:g opera‘éor Sx.' s ol Bopes =(X|,---,Xn) we have
e assaaai'ecl densrty ope)(a-br Sx',‘.. = Sz,@ ®Sx” (r\—-rv'ol ;I Ffooluce space }{r}H"D

“POVM: Collection of M Hermitian Pos'Lﬁ'pve sem@gﬁmi‘l‘_ri_c_eé fﬂ,-,..., TTM} (each {ﬁl“x]yf")

s.b. iﬂ: LI. L projection do subspace
=1

Pz ) corresp. o mesage M
= I4["= "R = M. Tr;:m;er{:rba,'[si} and let TT; = ]W-Xwnl, where zr"P")}iS an -L'“zm‘al bf;g
of 4{!le I S =I1%X’%’;=—Hsen 'b(me;") =1 and ty(ﬂj&a): O for 1#J. So, P;|i=-l anfi Piu =0.
- E,:d’ Il is a projection  matrix onbo a subspace S,’Qﬂ-("rw. i hen pﬂ;ﬂ}: O, i #) a‘ML‘&
.,2; T =T, the S; are arbhogonal subspaces &k S, @ @Su = j’{m’. 1‘: 93"6"'/’ the direct sum
o Si may be a subspace of H¥ (eg. M<IYI™); this is why we we STFSL.
-S'; is the subs’aace Corresponofi +o message . Hence, Prohub”i-ég m;sﬁa-ge m’ is decoded
iven m js dransmitked |s: ow)m = -L—r(TTM, Sx’.’.,) = g‘m = |- {;r( T Sx').‘) } Prob. of error.
—_—————= e

%’Weh m senb.

'Pure-s{:afe cLanneI: Each S,L, xX€¥ i mnk-1 ie. &:lwquxl

-Tn ereral, S -
djsg o %7- x.qre Vhlxed S’lm& and SK?.‘ are cer-ba;nl mi"ed S'bk -fF we use a FrOb.
« 2§ Sxa': Sx)®— ®Sx... Sxi=>R@Sx, Vi Yin random odirg.



(AnuRAN MAKUR] B

ical Ch Basi nitions :
@ Classical Channe| and Basic Definibons = Yo s the seb of ulput <qp
messages % = 1l PEl} % PM< Y 1Yn-rgmy  wapped 20 v
meﬂ,.’;, M} ——>[Enade |—> X" W |——s Y™ —| Decoder ’«K”} [Ercor &> me m]
M:=en codebook 1 .- M
I__Y___J
Rz rate of code (;::’:b::, :L‘ws W represents the fotm = 1- Z Wos(47)
(ase) conditional disbributions: 4"E Yo
-Ob ati 3 W (4) = B (‘617‘)7 V.4 -
wervbo0S. o cach xE X, U is g o . sty cportor Se.  veser
Let Wz.w (3 E ﬁmlxw (3" Iz") = '[Tw,;(g;) [_‘mewmgless], C{ear[g, v\{”‘ = Wx’®"' QR ij‘n A “i.k?;e "
i:, x = ‘,...’ nl.

- Fom Classical 4o Quantum and back . (2 waws o chan ge . ,a:e;‘:; iﬁ’u“"m’; grartum c@se

3:3;75 I. Pure-state: useful fo understand Lovisz Famework in gmantum l,'zl,é ie. ‘°Mffw;“,!k
NOT eguiv. Bor each x€ £ in dassical chanrel, |et |[¥> =[\/W:(|_) W}r be the state Vecv-Z:r °
s in the guantum channel. So, S = (WX Wel.
channel, 2 Nobice how sguare roots are introduced W to make INx normalize i Lz vather
but & has L Ahie &

). obabilishc

de . |
a‘;f‘m‘;.z' Mixed-stote: usefy) o andersband spheve'PaCL;”-g bound in guan-éum I?kk ie. P'B’amework
1h apn.
aep For each x€X in plasic'g/ chanrel, et S, = [Wx0) O in the guartum chamel.
ot Lot TT [6:5d A 8 ety o
1S gua - . . o ;
"k“ﬁ?i%\‘ -ﬂ‘L IF matnces A,B commute, then A B are Jorntly Jfagom’f?ab/e./? ?.f,d,ce gleo’:i.gon
. Heace, if the density operators Se of a guantum channel paiywise commute, ineensorarr

classiaal channel : .
i capacity then the S, are J:‘agonal in some basis, the TT, are ako c{fagom} n the processig ?—3‘,&%

s same basis, and the guantum dhannel reduaes +o a classical channel.
-Basic Definttions: (Classical and Quan'kum)
Lot B opox 2 w2 Ropm  and B,ﬂ(':w(R)i‘-Svna”esb Romax among all n-length codes with rate 2R.
Shannen’s channel coding thm: TF RLC, then 3 seguence of codes st. y{lhmﬁf:ux(k) =Q. (“h"wu'%)
‘C.‘capacﬁi’( oF c/\nune‘,u C-= w,',fxl'(ﬂ} E‘D()
T dastical cae
 For rats Co<R<C, B (R) has exporential decay in . (Co will be defined )

o ) ; ) o d on fg ax (R) is upper
Relsbily omction . [E(RY2 Tirmsup ——Lcleg (B e (R))| <= o, 72 55 N

So, Bmax(R) 2" ER) (pen limib exists ),
 Gullages Rendom Goling Bound s [ER) 3 E, ) , [Ec(R) = 2 {Bsl0) RS end
C|aS$'lCa|1

'Lvae us%ng Hb"olef’s 'mez. on ML decodivg Eo(P) = mPAX E°(‘D’ P) 4 ) #)‘+P

amlgﬁs )
. (»,P) = - PEOWA(
'(S’mnnow- Gml[oge/r—ger’elmmf.) Sp})ere-PaCkmg LOW\AZ E 60 ) 03 Z%-:(é'

ER) < ESP(R)L Es‘;(g): s iEoco)—pR}J Jme Eo(/’)-,*»bounds:’gi(zf::"::vgup%‘\;a ocpel.

. J R st. sup over p20

o W (1%

coMWMON fmfef‘%

r Lgoes to 0 for R< Ry p
?/uam[zrm * Kandom, Codling Bound ong, exists for pure state channels: |Eo(p P)=~’03(’"(?;R’°)51¢?) )

g T Be‘ J;t;v b.ound. for gerera) mixed-state channels ' Tevery-thing else is same as above




» Zevo-error_aypacity:

G, = sup TR: e,(n,.za, (R)=0 for some @ -

Clear(#, E(R)= 0 for 0% R<C,. (.R_e_‘ﬂl-,-: Pe,max (®) ﬁc-nf(k))

Y, 26

o S,
g Wy > =0

.f,kwxm,wmp Quantum: C, >0 <

@V‘Kﬂ lx:' 3’! S-t <w'lm,;,V\Jxm:;>=0

(4 . ConﬁASaL‘»lc‘ﬁé grp h:

> For x,%,€ %, we say x,% are not confusable i
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communication with no
prob. of error

= Classial: G > 0 6 Vi, x0 the cond. dists Wyn and Won, have disjeint supporbs.
V’“;\;YQ', 3i st. sz,'.(%})wxm/,;(‘ako,w (lwe dg’ oint sq'ofor‘@, where

& Vm#m’, Szz‘ __Lsx:”’
Imtw, 3i o4 (S, Stri) = O

Wz, and. qu_
isx. and Sx, sabisky br(Sx5%)=0 (quantum).

.

%, ard,,!; are the ith symbols of i, and 20, res/;ec‘bws .
Yz w47 (ThnSat) =1 'and 4r( TTwSxae)= O (ic. Foam =) ard i =0)

Le. -{;r(SX',LSx:,) =0 E‘:Y(Sx',‘, S"'v'n’) E ]!‘Th(s"ﬁf's’nf-'j

1=

have olfsio‘m{: SuPPoH:s (dasiml),

= The confissability graph has verbices %, and edges (x,x) & x,%, confusable;
B X=71,2,3,4F Y={0,1}.  Let Wo(4)= [(') > 470 for x21,2, and wn(5)={?: 33_,0 for x=34,
1 24T

! 2
[ S

3 4

confusability graph

clossical j

Ceg = R < value below which Ep(R) diverges
* Lovisz ‘ﬁ\é"u' fanction, - ﬁ'g}réer‘ bound on G thant Cpp

3

* Shamon’s bound: Co £ CFB> " . Crg is te zero-error cﬁfachly

Observe: (o depends onfz on +he con'ﬁtsabi/@gm’p}w.

[ = Findling or bounding C, js 4 COMBINATORIAL problem..

clever

with feedback }‘ “"Eﬁbml

=

CoéCFB=R

& Since E(R) =00 for RL Co,
anzi Esr(R)? E(R), the value when

C. £6

, where [0= i i B

all sets of unit novm
L vectors st Uy L Ux F

i .
103 [Ku x,¢>'2)

e ¢

%,%' canrol be confused

y Summazg . (classiaal)

E(R)
1 : E( (R) :

E(R) is somewhere here

’_S_‘:‘M%i (%Mn‘kum)
-no Egp(R) yeb as guantum
- E-(R) exists on'g for pure

- Aubhor creates om analogous P‘Cbuns here

IE<p(R) diverges
i:f: boun‘j;anq,

Combina'(:on‘a' pYDoF'_
(as we will see) '

Chernoff bourd 1s _ir"_eﬁ
-state chann els

Es(R) as well
- ‘\E(e) E((R) for pure state dhavmels
E(R) is SOvVé(F\W‘\erc here for pure
higk rabe: it i
E(:;;)k“éw;;;s Esf(m for 33\5&1\) cha\mefs
E(R)i }n ‘V\‘l"b i E = Lr
o= 3
o] C"o é C,'fs écrif C" ~— | h ,‘ rak: E(R) knO{:ﬂ
E VA B E(R) sinbinie i
éovﬁ: r rate 0 ~A—, p Co"‘mzéngZe
- C. " : , : : ' o : ‘
%;fkfzjﬁ\:raes o G ?'sp*'fR,a R (1':_ bz)d: 2’ mix skats
0 “Re min onla known Jor —

Zero -error
capacy

/ 1 teal-quantum
i e A T e
- coWFusab'lUr,g defined as; Lo o> Osp

2,2 ot onf € 5,5y =0
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@ Lovész's Approac}\ in a g/mméum figh‘f;' Umbrella bound

~Gioal: Obain Lovisz’s O~ bound as @ consguence of bounding E(R) For classical DMC
L exdension of Lovds?’s app_aﬂh__— "3
objective is not +o get ‘h%h'l: bound on E(R)

- Largg deviations : (Class lCﬂO
Consider 2 distribubions B,R on 5'

Let fheg_?w be: E(4)= AROIAC) 0<s<l .
m(mm’ pammelmr l“ﬂP(s) ?nommhta&on

exponential
R(y)= F(H) exp[s log h(4) - g f_(y%u(ar) linear expon

bise M bribictin ZE(F{(:%@IEE;] “parkition Funchion ‘ﬁhm[g

}}'P,P (S)'Iogg'Pl S(%)Ps(y)) ; O¢s< —>/U~£,P(S [.EP[I%(P(Y))]

B 20 st dhon,

I 1
the figure, cl 2
SRR DRI From the fgus, deaty
Heh()S pip, (%) [
f":?.(S) Mo, brus Thats Amloaouslg in Yhe guanium
' ha
A o S IS e
! i g —
0 22,600 Cher no‘FF distance: j’{A,B (S) = 10g (’IX(A' SBS))7
N ; i
po s=st phgeo| | (BB 252 ) DI WERE
= Mg, p () atains s Bhattacharyya distance: ﬁ‘ o B "0555,/**!\,&(5)
iniwunn d (A, B) a_ (J__)
—~Dreye } de(Po,P) 2 = Pre(%) 8 Mag (%
IIJI )‘ D(@ﬂ@:D(@oﬂﬁ)“ﬂL‘&( = _log(zm . 108 (‘E\’ (JF\FB—))
We bove: [dp(B,R) < de(P,R) < 2dp (P, Pr)] o relabions above) da(88) € de (A, B) <ds(A,B)

If we do Bmarg H%Po-U\eSIS -L’esfrrg in Neqmam— Pearsvn ‘Formu h‘bon - R
~ Ead ]! - 'h L'es(: ‘H’l hOH P
H) )M wed P H,: Y~ iid P — 108 hke(:hoao’ ratio w/ f rées A \z ={:’: EP[loa(%(Y)’)]=b'}

lim —L r s0mW tng on
Then 108 (Rik) = D(RIR) Hor some s dependling *} i, = Hag(F2) = min 1D 10), DR IR

> n=>0 N
n->08

14\‘-'-‘: -1 '03(%‘9) D(Ps”P) -For Ssome S dzfcndtng on ‘
—>Herce, Pewoleotgs fastest when D(RIRY=D(RIR) =d.(B,R): ( lim ~JYT103(P9)= de(R, P,)l_

~ Quartum view: (DMc) For each xéf we have cord. dist. Wi . DeWC |1Vx> =) - - JUdr)]
state of x€X codewod)

for codewordl 5 = (%15-->2n), Jilen, (47) = T {J Wei(9) = (D= Ve ® - @I%L_mo@m("*“

Nobe: Co>0 & Fotrwls wtw’ s Yl Ypr>= 0. 2 Gl s s (ol =0 for some 207

de(Waz,, Won ) = log(ZW) E —log,(<%l“f’m>l « This mbrbmﬂﬁ
- Bmarg Hypothesis -L—esbni z[;efweeh m & m’:  —log (%) = de (Wi, me:) éf_ o(n) [See above]
> —log(f) £ 2 dg(inbeg,, Wy + o) = —log(R) < - 21og (< Y| %) + o)
For a fixed code, log(Pe,max) < MW;,':,',: 2103,((’%, ¥ >)+<(n)=$-/og(@ ,Mx) < -2 log (mm’ (‘Pmlw,,.:))ﬁ—o(n)
Romax > Mmr&m 4 best_1 —

ewor
- IDEA: Upper bound E(R) by lower boundm% ax , ol W) _/7___
TP 21 1%ud, xe : KBy =1, o andk KCHIBd]< Sl e Vair'

- Value of a re resentation : R p>|,
i L—hlted vertos (L-novwal vepresentation of degree p)

VE%E) 2 i ~log(IKBI#>)
f) ey % ~log(K%
el £% 5 called] HANDIE “Lyalue of $cf < Cheloyshov/minmaz. &Eg{;&whar . ﬁ‘iﬁ’a’é‘e?&um)
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~Thela function: 2 min 1\ - o : Find purestate channel s.b.
el2 function: |O(F) {#7,.}&7’6")\/({%}) }v’;w}“enm) P eE —log«%lff) < vanmax Blat. dist i Snales
* T;‘eDV‘GM‘ For 2 DMc : UMBRELLA BOUND
et 5 ven an > [, .
Proof: (Tdea: ? ’ gﬁ—‘ ECR>£2P6(P) for R > 9@. wmin-wmax formulabion
—_— ea: (Construct auxnharg state + dee. i @l b ot v r_) ot 6(P)
Consider optimal Wt and £ for o) . all possi Ie~s ei Ye with an sequence xn_)
(1 2) KB £ = PLICHESIF 3 nog ™l 12 (i o)y [hep= 1)@ - 8y and we have:
St el i N RIS > &0, v
ovasz bound: | = (If ”222,’[(17);.1'/*@")’ 2 Me8?) | for {B} Lonormal Jobsere how idea _comes

Aside ] > Mse"?) 3 R op— QD)W,'ra'{re of code on $H3 chanmel W>O inte pley ]

IF R>9 P) n 54 Lot Coret 2 A
‘ Hence, C(<’9,?P;€ 9(/’2 5% ;/.Kn' s.t. ’</lPMl,\Pm’>’ > 0. Then ’</‘Vm,1fm’>’z>/,<1Pm)7{)m/>’2f>0,&CFO.

Let P2 L [1H)- ). Then, aon| TTH[por> >e0P),

= 7""”‘ (?\H ’?‘) Ze'"e?) <« A oenotes ev‘gem/alue "

> g ¢ max L ZK%'%&Z' ]
) m’ [f7/| ?
S M Lo < e (i S )

of the beaudiful Gaeﬁhgorin_c_i_rdg

oy numerial Fnear algebra.

M- " M T miEw
-l e 7 y kY
Observe that: LV\::, <QPM'1E:I___> e 7‘4—:‘_’ §‘<WM’%’> > (Me—:,‘e_(? =y > 3 (c’h@(/’ ] P L
I‘F R>8(P), e-ne@) Jom,‘nm}e; [Laplace Pn‘ncip’eJ :? ’-]‘71' IO% (v::?,:’ <’1PM ,W,m)) é PS(P) + 0(()
=>|E(R) = v)'i_»;nw “—,’,T'Og(%,mx) < 2/0 8(/0) (fom ear lier @(Pression) [Q_E.D.]
- Remarks: ke o sequencial decoding Pmch‘ca’iég

. Def: Cut-off vate of channel < liviting . A

oF ervor- rect codes -

Rag £ "¢ = 2,P00) P(x')<wx1wﬂ Vgt ® Rbe due 4o LDPC and Turbo eles
%%

Rrp=1, WLOG T =, UxE X . Since P, 30, we can choose oP-b'ml F20. Let -P:J—(S,

where Q is a Probabflﬁby disﬁ;[,ub'on./ ——
B0 = o mex —log(Ickele>P) = @ E ey (STDALE) gi!

— Lover all prbb. dist.s

~ o~ L ~ o~
Dby [, p2eny 25 onsbraint KL <CBIRY Lepmes KEIBHI=0 # BlBp=0- ey
; Hence, T'() - the. seb of all pure state guantum channek with the same conﬁASaloild%(‘ Sy

o Lova: P

@Eboif:;, Mas the channel W. o Co=00 for complete oy
&ée(ﬁ) > CoS},"_',V‘m 60’) =0 e—hg%&sb bou'nd when p-—’oog Co=3=lﬂadfb‘fue wﬁé%

T win over $%t disa

. Usina spl\ere—padtina bourd technigues in conjund;\'on with Lovasz's technigue, an _li_“_h_b_"e_)\ﬂ‘_
bound for a_gfenem\ classical-guantum channel can te derived.
For El’a_s_s'lfa('q;qgrrfum charmel € wrbh clz,ns'y-kgr operaﬁfs Sx,x€£7 ‘FD\’NP?I
let L@Z —_‘-’i 185 : -I:r(J'éZJ’*;'L)s %«IE@})%’}_ For auxiliarg hannel ‘Cer@), le-b_gs_t_@ be

the Sphere-Pack‘ma bound (4o appear nex-b). — (~ - :
M .rE(R) £ Espu(R), where Espu(R) =P7,|‘,E'eT'(P)P ESP )"'R)l.
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@ The Quantum Sphere- /%u:kmg Bound. :

- We First need a cl,uanéum ana[oaa of the %ng: Chernotf - ,l;g/,e bound. used n the classic
S‘qaymon'@q”aﬂer Ber)eLaM'o ,Daper 9_ A>olk);(.7dx[?>] ,‘3X3\ (K[%> O-> QSJE‘%WE

¥ [emmwa: For (mixed or pare-siule) density operators A,B with non- j:s oint Suppor'fs }ef TT
be the er‘o|gc£10n (measurement) oEera'\’zur (COW?SF to 8) for -H)e bmarq bg(po‘H»ems s dest.

Let Bia= +(TTA) and Rip=tr((T-TDB), and let pG)=py, 8(5) = log (br (A B9

u xporert has form o‘F
* Bz\re; chJ %O:c:,\:al{;’ o EaA 73 exp[ﬂ(S) SH(S) =sJ2pC) (5} < Cfsical Kl-divergerce:

—P(RIB)= Sy
decay 400 fast. LA AT _g ex?[},a) +(-SIp(s) - (l—s)JzﬂT,(s]

o (Ide“ Use Quantum Neuman- Rarson Llemmg +o 36[7 ophimal best T (like dossical LRT)
and then solve s;m’)["\cled Prblylem using Nussbaum - Szkota maPP'f‘ﬂ)

A =5 0i1aiXai] and B= 5 B;1biXbi]  [Spechrl decomposibion]  jait, §b;} L normal bases

Quantim NP Lemma: TT orbhogoral = TH(E=T) =0 or T =TT

27 = JZ TIb;Ab; ) TT  and T-TT= ;(I-"T)la;)(a;](r—-ﬂ)

> feia =t (TTA)= 30 [<ail TT (b3

and Ry =t{(Z-TT)B) = Z&Kal(r-ﬁ)lbolz

Pr n,, ,>0, we have: Ylo%{A + 1M, Pe(B Z -—'me(‘/LoCVa: <ai )b.,>] 1L/3J l<a;[bJ>l ) (mc‘kr algebm)
effective to g from q,uan'éum—)dass,m/ prob, Qo (ind) Qi)
Valvd robab""t‘g

Nusshaum- Skola mqpmnq. Q(i)) = (LI@'“?D’ Qu(i>)) = B; |<ailbid)* distributions over (i)
For this Imqpfnrg }'(A als) = Iog(‘b((ﬁ"sBs)> = ’og (2:@0(”) Q(l;3)5> /u@oQ(S) &« S

avne /oa—Pa r¥iion

. funchons
nt’ﬁe‘" Exporentially 4ilt o get @s(hi)= Qo (':J)Q’(i';)) = e#® 5 () @1 (%), () =g q,0)
‘GLGS_S@‘% Lef,' Z i(l ) ,[ Q. J) ’ eMWQI
SR et T ) | 1, b i@ i 0]
vetreen | Qs(in3) < Q. (nj) exP[ﬂ(S) SJ.A'(S) e {_zﬂ'.,(s] ad  Gals ) €Q,63) exp [JMS) +(- S)/u'(S) = (1-s)J2u"G )]
Qs, Q1. [Chebgslzv] 72,, This chotce is arbd:m!g ",
< Z Qs(1,3) < Z min (YLOQo(f,j),'fL,Q.(v',J))
5 Gies 0 bradeoff bebwen

Hence, 7n,foin +7,Rg > & = fea >EW or gz im! T fwkke [@E.D]

4¢ Theorem: (Spkere-packing Loomd) Let Sty Stz be dens'rl’g Opefa‘éo"s for a_gfie_—fﬂ_’_ c/as*sica"c&uanéum
channel and E(R) be its re(/'a/;f-ha function. Then,

¥R>0,V0<e<R, [ERYK Eyp(R-€Y, where [Esp(R)= 568 E(p) 7R ; Eofp)= "g" &P P
br s fo) - (Are ]

- b bulk tors,
FVDO‘F (I'dea low rate = R dowirated I,g worst pair of codewords, _l.,_.z_h_rgk_g,_-»boand Rim due w mwfe:ll

So, bound Re,max %l [00)4'/5 a‘é hggo-éhegs ‘L’ESé bebﬂeenéz,:; ar\ol ummadenwhd oferu‘bor‘ 5.
E _represents the “bulk of aovnpeb-hws Author shows Im, E st ol e "
P B (TTME) is small = F (bulkof competitors m') are dis tinguis hable 170 S o )
sowe Agaree
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J evevy vabe R code contains such a s«bc:dFa as i
composrilers is pola(")

Froo‘F CO“'t,d: no. cdgy\lojs exp.m n e"R:m) bul no.
WLOG assume the code 15 a constant compasrhon ctogé lLe. all codewords 7@‘3\’ Wik f';---,M},

have the same evv\efffca' distripution .
Let E be a density operator in H®" e The whole proot constructs F.

mE€F)..,m}  consider _}\j&%es;‘s test between S, and Iz

For ana
- & - L —su'B) - 7 - ==
From Lommay R = 47 (E-Th)Sa) > ol 200 /276 1] 56)+ logf 6537 £%)

or fog = tr( T ) >§3”P[ﬂ65>+("W’“)—("SNZ/“"(S)]
Vs P 3 Poppn and 57T % T = Im st H(Tk) € —e™R  Fiy this m & let X"=20.

> Romar > hei6)-sp'6) - /206 | or R~ [#¢? 1S WE)~ (1-sWZE—log 8)] o -trodecff
Rewark: MLs) X:jl’(57 g row ‘h‘near(g inn lo'u;b'_},.( "(s) will grow like y¥, so bﬂ;:;af

will nott matter m Hest odder behaviour.

Want resulb o depend on P, ot x"=xn. |t = = e
=

Then }—i—(;;): log ({,—r(S E%) = g’;p(stlf(s> > M@0 ’%EP(’L)JJ’&,F(S) , M

et R.(sFPF)Z -‘-,!‘—[ﬂ(s) % (l-s)ju’(s)—((—s)\/Zﬂ"(S) - 103(8)] .

nis) =S Pows p6).
zL:.eae
Vs < in

> i -1 ZPE ) = RSP F) + (250350 +BE) o0 RS Relfal B
0 make the @uan-l’um pmblem c(assica/?

and F. Even ¥ F is fred, changa‘ng

Remark: Can we use Nuss baum - Skota Wlappl'ng
Tn classical proof, both distnbutions

Un*FDréunabe{g, no. R and @, o(epeno( on both Sx
x to 3e6 dﬁﬁ‘erent& would change both Ro and Q.

Tln's cannot ckanae with 2. o ‘ S
sechon Consbruct F. Let At P) g; P S & let f 2 7B ‘H(A(S’P)'-S ) for o< <1, s
vf;b roeﬁ L e A (s, [ ) Totrhion: Fs cose” 4o allSz ol Ms, 55(5) SC‘TS)E‘:(‘_:"}’VZ
ggnwgasﬁm' MW) ?‘b’(Aﬁ?), vx  w/ e”““,i'g for x st E("¢>>O.h /gs;‘l;n;mﬁcso{’hm'\‘

< g (te(5L* 132) - sy (e (02") 2=l A=) =A-R()

2 A
Let F.-s W ﬂen,/u_smr_;(s)

7s{2 log(8
>~ Hog(Ponar) < B (3)- S RGP F) T 22 | ZPOMES) + (,—fsﬁ% or R< ;2,,(5; f i)m wk;rcb :
R5P )= - SPOad M O] L Thopi ) + H® By e

Ba cowspac{iness araumenlz’, 3 seq,uenoe of coo‘es wah ler\gHw n, roke Rrw compasi'b'on B s.b. ‘ i
Bi->P B2y ~L log (Rémes) —>E(RD as n=>®- o ﬁofdﬁefxﬁiﬁ
lies above all

S"“‘fJ’SuE(S) is vonposthve and convex for s€(0:0) -'/US,‘,F‘(S)"' (':S)f"gmﬁ(_s),éjls"’&(r) =0 s -bm?em‘ﬁ.

. w__’_-
Hinvous in SEO).

= Ro(s, Py B) 3 O. Ra(s-P ) is abo con
PR, VsEOD @ Rn=Ralssfrs ) for some s€(00),

3 (ases . @Rn>QH(SJPﬂ,F$)7 Vse(ol') @ Qn( Rn(s'
s sa-b's‘pfeo( whnibely oFtenr fr n. Focus on subseyxence s.b.
)

(@ Suppose Case p : :
Rn (5 Pry Fs) < Ry Y10 - Then, -'—n'—)og(f’e,max)<Ea ;;),—T:E-P" (s.fa> )+ 22\%-_7:. Z”_"P(x),ug",&(ﬂ +(Tg<_?——s)n ¥

ix S€(0, d let n—>0:
P s and Teb nt gy ¢ £, () - SRl R < B65)
20

©ER) 4 E)> VSEOD S ER) LE(p), P3O [pe s
[ =]

So, ER)SELD) ~OR =0 [ER) < E4p(R)].
— (ases @ & B similar. -
[&,E.D.:(




Quantum Jh"__ For a c’dSSI'ca/—zuan-éum channel w% states Sx.2€EE and /D>O, RP= F  xeX

[ANURAN makUR| D)

@ Re Iakfonshies be tween Fundamemén’ Qaan'éi'éfes;
- Rénui Al'verjewce: E%(U;V) : &—'_—,' Myv(i-2) = 5[1_!—"’3 ZU(%)"LV(%)"&
(Quardum case) B)s . o
e) D s _Log (tr(A*B work wibh the
/— w(AllB)2 35 "3( Hi)) ;fm.éu: ve'res?on as dossical

is special case

(When w1, D= D )

- 774 h -packing Lo . -
s ot bk, 20 560172, 500 ol elgrast)]
P is the upper envelope of lines EO(P)’J’R- The R-axis iné'ercgpi: I - is

R, 2 ()
. As p—> s the gradient & E(p)-pR s O

5 =>R,=C.
\Eﬁs As p—> oo, the aradl'enl: of Eoda)-fe is 00
/E,P(R) = R, is where the cphere packina bound a[r'veraes
- i Nm‘;e—aé Rd because Re is the smallest R-value w‘\en
o G Rme & Esp(R)< 00 = E(R)<L 00 and ER) =0 for RLG.
- IY\‘FO"'VV‘G{;]'OY\ Radii: B 1] ~ min_ max D(Wx_”Q) o dlsstonl e [Cnallmaer’s Capacf'%-ReJ-
Thm shows this is C.]

Qe PY xeX

Tt turns out, the right weasure 4o leok at in cl/uanéuun information is Rény’ divergence.
The entive classial formulation can be done us:’ng Rény divergence. - -

ps p20 (2—=>1), R,=C, as Pa™ Dee.

M-y = goin, wax pfwLlG) |, a=Thr
sl | £ OF7Y wo¥ ’ o - in
sp-> o0 (0—0), iR.,, 5 Juis, ey —103(2 :G(u)) :

S
>

o

T due to Csiszér g Wlg)>0

min max Da,(Sx HF')

:—‘—- ' &
for @ +p|> where hn s over all densi(:y operators.

o H M = B - M v o
Proof Sketch: s:r-e ’+k Pf' Eof) . Use Hulders ineguality with Schatten norms to gek:
. Fflﬁ’(mf;n M'Bv;r.,:g tr ;P(")SSB»_ Use von Neumann's minwvax theorem-

Remork: TF Sy pirwise commute, then optimal F is dt‘a.aonal in same basis as Sx. So, we vemver
the classical Rp.

- Connection to Lovasz G-function:
From the g:uamfum formulation, a5f—>0°(0L -0), |Rw

= wmin mex —log (4r(S2F))|.
Assume S, =W XWx| are pure slates. Restrick F =[fXF| to be rank 1 density operator:

T (55 F) = (<ULl and V(iWE)= moin ro —log((<¥elf ) = Ronyconshrained
T—\/alue of regSen—l:a‘Hon in}

Hence, we have: E‘; Z & 2 V(i’q&}) = CD é%): ﬁfi{é ) V(iﬁ}) .

obwvious H,,
Best bound on Co is 8iven bﬂ pin Reo over all guartum ckanne/s with same
(-Jolw;{s le of value in Lovész O-fhnction ijd,bf 2

conbusability qraph. —
-—6— A i . - o onto suppo
salogors —|Op £ oo el = B3 o MGR)] =
¥ B-func. density ofe(am e ¥ i
(Lovdsz) st. S¢Sy =0 if like win max Bhattachoryya dish.
(x,x’) v_uo_fi comec Wh?oh comes ‘F"Drh Péna;—dh’e"ﬂen&e
in conf 3mplv

Clear{gs £l 85', £ ?: fjggo o)< 9002] Remark: o< Osp awn also be proved us;‘ng exaci’ﬁb
Lovis2’s £ wsi ) dénst &
o g e e B i to ElR)
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Tndeed, & turns out that Ogp = 6.

Hence, ‘Co 495': = 9 .,

Imgh'ca‘[’fon: Mr'm'mi;iné R, over all fo},F (dens}by oPem—éorS) 3ive; the same

result as w\inimi%v'ng o over all Z"lPx},-F (pare state vectors)  which we all

Res, constrained + Ve conclude that E‘P (R) bourd on class-‘ml—q/wnhm chanrels [geqemnjg/
mi

gives same Lovosz O kound +o G, but pure state chavnels suffite to 8"“
the bound. We also see tat 3 o pure state chavrel whese W'
Thic is not true in geveral for Rff%]).

- Classical and Pure-state chamnels:
)
P = 55,

Cansifer c[assical—guan'l:um channels with pure states Sx=‘q)°‘-><’%‘\- Then S«
Let Sp = ZP(")I"H:X%\ K mixed state 3eneml:—ea’ bg disk. P over S»x

E,(p, P ._.#__ shHP)) = JLE WP serve: For genenal Sx,
(p- P) '%(h(s" » log @Qe(ii ) OEt(;,V;) =Fi'03% ((—,(( ge(w)s,'gr)"f’))

:> Qoo = —} min a _—
03< P Athx(SP)> Rﬁw*’qumP) o l%(w&n br ZP(L)S,‘\—‘J)H?

u r

From Connection to Lovisz - function” £

. y z hm = — , miv) [ s
= il i log (A lF 1)

eigenvalue problem

. Ls looks like ©(1) i Lovasz section 1 P'L" P*
ofact: OPﬁmiai Fic ank 1 o+ A S#) h Mhple 1 for o e 210 :
ng m(&f) as multp r%’ o JiL B é{assical channel ,

'_@__C_{’:" For eure—sfu'ée chanmeb_ W cang-l;mc-['e_al by >z
there 'lSa[WagS an F *with ank 1, and for {HF

:Ezg:ﬁkg:wr:(—_) Re = O(1) = Pw{;]'e’-cu-bo# ke oF

(P{‘OOF uses KKT due +o techniaal issues with ﬂPPlﬂ""g

Aassica’ channel

)
von Neumann s t’l‘teorem)

- Fial Remarks:
. The sphere-packing pound Esp R) procluces the quantity Rp
" R/’ has an information radius —-I,gpe olesaript‘:ian us\'ng %uamlrum Re/ng;d.'\,efgeaie ;:.‘i Vi:.::’t

o lim RP=C& liwn Rp =R,o

p=o p->eo

(anu m Cﬂ—fe) .

. animi%ir\ Roo ovey a” {Sx} c‘\qnnels 8“/5 © <« LOVO'S% Q'FUVIC'HO”.

- This velates _(_:',an,e and C, in ove M in o @uan'l;um Ifj“;.

Zu.anlﬂlm Emkab;,ig- . The © bound

A combina-&)ria' ajumen#("‘c Lom’sz)

e same resu

'Kﬂ,ﬂ’i’—’b The _?i bound on G 1 obtained using
on (o IS oH:a'«neol using combina'lfb\f"cs.
shows 95? =©. So, the Wn%um Probabi)ii'y view gl'weS

as the combina-»lzoria’ view. In this ard, @uﬁn\lﬂm Pmbabf“’j un}-ﬁ‘es
the divergenoe between Comblna‘tlﬂ’rl'a, and probabi/{s-b‘c {;zp%ni%es T



